Abstract. We study algebraic and homological properties of facet ideals of order complexes of posets which we call ideals of maximal flags of posets or simply flag ideals. We characterize the unmixed and CohenMacaulay flag ideals of graded posets. We also give structural results for the multigraded Betti numbers of flag ideals of such posets. The structural results on multigraded Betti numbers of flag ideals are used to characterize the class of flag ideals with linear resolutions.
Introduction
Let V be a finite set and let R = k[x V ] be a polynomial ring with indeterminates x i , for all i ∈ V . There are two ways to assign to any simplicial complex ∆ on vertex set V , an ideal in the polynomial ring R. The more common way is to construct the Stanley-Resiner ideal I ∆ , defined as
The other way is by constructing the facet ideal of ∆, denoted by I(∆) and defined to be I(∆) =< i∈F x i | F is a facet of ∆ > .
In this manuscript, we study the facet ideals of simplicial complexes ∆(P ) where ∆(P ) is the order complex of a finite poset P . We call the facet ideal of ∆(P ) the flag ideal of P and denote it by F(P ).
The class of such ideals includes the class of bipartite graphs and letterplace ideals. The algebraic properties of bipartite graphs has been studied by several authors in the literature. Some of the known results include: characterization of Cohen-Macaulay bipartite graphs [HH05] , characterization of unmixed bipartite graphs [Vil07] and characterization of bipartite graphs with linear resolutions [CN09] . The letterplace ideals were first appeared in [EHM11] . In the same article it is shown that the Alexander dual of letterplace ideals have linear quotients which implies their Cohen-Macaulayness. In [FGH15] , it is shown that several classes of monomial ideals are regular quotients of letterplace ideals. The multigraded Betti numbers of letterplace ideals are studied in [DFN17] .
The Stanley-Reisner ideal of simplicial complexes are extensively studied by several authors. In [Rei76] , G. A. Reisner gave a complete characterization of Cohen-Macaulay Stanley-Reisner ideals via the homology of links of the corresponding simplicial complexes. The relationship between a simplicial complex and its facet ideal is less studied in the literature. Algebraic properties of the facet ideal of a special class of simplicial complexes called the simplicial trees are studied in [Far02, Far03] . In this paper, we study flag ideals of posets that are equipped with a rank function. We provide combinatorial characterizations of unmixed and Cohen-Macaulay flag ideals based on the structure of the poset. Let P be a finite graded poset. We denote the induced subposet on the elements of rank i and i + 1 with P i,i+1 . Let Q i,i+1 be the subposet of P i,i+1 after removing the rank 1 maximal elements of P i,i+1 . The Hasse diagram of the subposet Q i,i+1 is a bipartite graph. The flag ideal of Q i,i+1 is exactly the edge ideal of the Hasse diagram of Q i,i+1 when considered as a bipartite graph. We study the relationship between the unmixedness and the Cohen-Macaulayness of the flag ideal F(P ) with the same property of the bipartite graphs Q i,i+1 . This relationship enables us to give combinatorial characterizations for unmixed and Cohen-Macaulay flag ideals generalizing characterization of unmixed and Cohen-Macaulay bipartite graphs given in [Vil07] and [HH05] respectively. Moreover, we show that a flag ideal has a linear resolution if and only if the edge ideals of bipartite graphs Q i,i+1 have linear resolutions.
Unmixedness and Cohen-Macaulayness. In [HH05] , J. Herzog and T. Hibi completely characterized the Cohen-Macaulay edge ideals of bipartite graphs. They show that the edge ideal of a bipartite graph is Cohen-Macaulay if and only if it is the quadratic letterplace ideal of a poset. Inspired by the work of Herzog and Hibi, R. Villarreal gave a combinatorial characterization for unmixedness of edge ideals of bipartite graphs. A generalization of Villarreal's result for unmixedness to d-uniform r-partite hypergraphs is given in [JGR16] provided that the hypergraph satisfies a certain condition. Here we show that a similar characterization also holds for unmixed and CohenMacaulay flag ideal of a graded poset P .
Linear resolutions. A. Corso and U. Nagel characterized the class of edge ideals of bipartite graphs with linear resolutions [CN09] . They show that the edge ideal of a bipartite graph has a linear resolution if and only if it is a Ferrers graph. They explicitly described the minimal free resolution of Ferrers graphs associated to a partition λ and computed the Betti numbers. They generalized their results to the class of edge ideals of threshold graphs by a process called specialization in [CN08] . In [NR09] , U. Nagel and V. Reiner introduced the class of Ferrers hypergraphs as a generalization of Ferrers graphs. They show that the edge ideal of Ferrers hypergraphs along with the edge ideal of hypergraphs associated to (squarefree) strongly stable r-uniform hypergraphs have linear resolutions. A minimal cellular free resolution is constructed in this case as well. The edge ideals of such graphs are not in general flag ideals. We give a characterization for flag ideals with linear resolutions in Theorem 6.3. We show that a flag ideal F(P ) has a linear resolution if and only if the the poset is pure and the edge ideal of biparite graphs built on elements of consecutive ranks of the poset have linear resolutions.
Organization of the paper. In section 2, we provide the basic definitions and terminology required for the rest of the paper. We also give some examples of flag ideals. In sections 3 and 4, we characterize unmixed and CohenMacaulay flag ideals within the class of graded posets. We show that, if a flag ideal is unmixed (resp. Cohen-Macaulay) then the consecutive bipartite graphs of its Hasse diagram are unmixed (resp. Cohen-Macaulay) as well but not conversely. Section 5 investigates structure of the multigraded Betti numbers of flag ideals. We show that the restriction of the Stanley-Reisner complex of a flag ideal to a multidegree is the join of simplicial complexes associated to certain bipartite graphs. A characterization for multidegrees of the first linear strand of such flag ideals is also given in this section. In section 6, we show that a bipartite graph is a Ferrers graph if and only if it does not have an induced subgraph consisting of two disjoint edges. This description of Ferrers graphs is used to provide a characterization of flag ideals with linear resolutions.
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Ideals of maximal flags
Let P be a finite poset. A flag in P is a chain of elements
be a polynomial ring in indeterminates x i for all i ∈ P . For any subset I ⊆ P we denote the square-free monomial i∈I x i by x I . We define the ideal of maximal flags (or simply the flag ideal) F(P ) of P to be the monomial ideal generated by all monomials x I where I = {p 1 , · · · , p n } ⊆ P and p 1 < · · · < p n is a maximal chain in P .
The order complex of a poset P is a simplicial complex on the vertex set P and the set of chains in P as faces. We denote the order complex of a poset P by ∆(P ). Let ∆ be a simplicial complex on the vertex set V . The facet ideal F(∆) of ∆ is a square-free monomial ideal in the polynomial ring k[x V ] generated by monomials x v 1 · · · x vn where {v 1 , . . . , v n } is a facet of ∆. The flag ideal of P is the facet ideal of the order complex of P .
Let P be a poset. A rank function on P is a function r P : P → N satisfying the following two conditions
(1) r P (p) = 1 if p is a minimal element of P ; (2) if q covers p then r P (q) = r P (p) + 1. A poset is called graded if it has a rank function. Not all posets admit a rank function. Suppose P is graded with the rank function r P . For an element p ∈ P , r P (p) is called the rank of p. The number
is called the rank of P and we denote it by r(P ). We also define r(P ) to be min{r P (p) | p ∈ max(P )} where max(P ) is the set of maximal elements of P . A poset is called pure if all maximal elements of P have the same rank, or equivalently, all maximal chains have the same length. In the poset P , if an element q covers an element p, we say p is a parent of q and we also say q is a child of p.
Example 2.2. Some classes of ideals that are special cases of flag ideals are as follows.
Letterplace ideals. Let Q be a finite poset and let n be an integer. The n-th letterplace ideal L(n, Q) is the monomial ideal in k[x [n] ×Q ] generated by all monomials x (1,q 1 ) · · · x (n,qn) where q 1 < · · · < q n is a multichain in Q. Define the poset P on the ground set [n] × Q, with cover relations
It is not hard to show that F(P ) = L(n, Q).
Edge ideals of bipartite graphs. A bipartite graph G is a simple graph where the vertex set of G can be written as a union A ∪ B, such that any edge of G contains an element of A and an element of B. The edge ideal of G is the monomial ideal I(G) in the polynomial ring k[x G ] generated by all monomials x a x b where {a, b} is an edge of G. Let P be the poset with cover relations a ≤ b where a ∈ A, b ∈ B and {a, b} is an edge of G.
We can see that F(P ) = I(G). We usually make no difference between the bipartite graph G and the poset P .
Co-letterplace ideals of V posets. Let Q be a finite poset. For an integer n, the n-th co-letterplace ideal L(Q, n) is a square-free monomial ideal generated by monomials x Γφ in the polynomial ring
is an isotone map and
is the graph of φ. Let Q be a poset with exactly two maximal chains and a unique minimal element. We call such a poset, a V poset, since its Hasse diagram has a V -like shape. One can show that L(Q, n) is a flag ideal. Let {a < b 1 < · · · < b r } and {a < c 1 < · · · < c s } be the two maximal chains of Q. Let P be the poset on the ground set Q × [n] with covering relations
The flag ideal of P is exactly the co-letterplace ideal L(Q, n). Definition 2.3. Let P be a finite poset. We call a subset C of P a vertex cover if the intersection of C with any maximal chain in P is nonempty. A minimal vertex cover of P is a vertex cover C such that no proper subset of C is a vertex cover of P . The smallest cardinality among the minimal vertex covers of P is called the vertex covering number of P . The poset P is called unmixed if all of its minimal vertex covers have the same cardinality. These notions coincide with the corresponding notions defined in [Far02] for a simplicial complex ∆, when ∆ = ∆(P ).
A subset C = {p 1 , . . . , p t } is a vertex cover of P if and only if for any minimal generator g of F(P ), x p i |g, for some 1 ≤ i ≤ t. It follows that a prime ideal (x p 1 , . . . , x pt ) is a minimal prime ideal of F(P ) if and only if {p 1 , . . . , p t } is a minimal vertex cover of P . Therefore, the Alexander dual is
Furthermore, dim R/F(P ) = |P | − vertex covering number of P , and height F(P ) = vertex covering number of P .
Let P be a finite graded poset of rank r with a rank function r P . Let [r] = {1 < · · · < r}. For any subset S ⊆ [r] let P S be the induced subposet of P on the set P S = {p ∈ P |r P (p) ∈ S} Let S = {r 1 , · · · , r s } where 1 ≤ r 1 < · · · < r s ≤ r. We call F(P S ) the partial flag ideal with respect to S and denote it by F(P, S) or F(P, {r 1 , · · · , r s }).
In particular, when S = {s} consists of a single element then P s denotes the set of elements of rank s in P . Let P be a finite poset. We say that two elements a and b of P are connected if there is a sequence a = p 0 , . . . , p n = b of elements of P such that for i = 0, . . . , n − 1, either p i ≤ p i+1 or p i+1 ≤ p i . The being connected relation is an equivalence relation. We call equivalence classes of this relation, connected components of P . These are exactly the connected components of the Hasse diagram of P when viewed as a directed graph.
Remark 2.4. In [Far02] , S. Faridi introduced the notion of a simplicial tree, generalizing the notion of trees in graph theory to simplicial complexes. She studied the facet ideal of such complexes. A tree is a bipartite graph. Hence regarded as a 1-dimensional simplicial complex, its facet ideal is the flag ideal of a rank 2 poset. But the facet ideal of a simplicial tree is not in general a flag ideal.
As an example consider the simplicial complex
There is no poset P on vertices x 1 , . . . , x 9 such that the flag ideal of P gives the facet ideal of ∆.
Unmixed flag ideals
I this section we characterize the class of unmixed graded posets. The main theorem of this section, Theorem 3.5, generalizes the result of R. Villarreal on unmixed bipartite graphs to the class of graded posets.
Definition 3.1. An ideal I of a Noetherian ring R is called unmixed if the height (or codimension) of I is equal to the height of every associated prime p of R/I.
There is a different notion of unmixedness used in the literature that defines an ideal I to be unmixed if it has no embedded associated prime ideal. The former notion of unmixedness implies the latter but not conversely. For example squarefree monomial ideals in a polynomial ring are always unmixed in the latter sense.
The flag ideal of a poset P is a square-free monomial ideal and ass(F(P )) = min(ass(F(P ))). The minimal prime ideals of F(P ) are in one-to-one correspondence with minimal vertex covers of P as explained by the discussion after Definition 2.3. Therefore, F(P ) is unmixed if and only if all minimal vertex covers of P have the same cardinality, i.e. if and only if P is an unmixed poset. In particular, a poset P is unmixed if and only if all of its connected components are unmixed.
Lemma 3.2 (Rank selection for unmixedness). Let P be a finite unmixed poset of rank r.
(1) If P is graded then for any subset S = {i, i + 1, . . . , i + j} of [r], F(P, S) is unmixed; (2) If P is pure then for any subset S ⊆ [r], F(P, S) is unmixed.
Proof.
(1) Suppose P is unmixed and admits a rank function. The set of elements of minimal rank P 1 is a minimal vertex cover of P . Let |P 1 | = t. Since P is unmixed, any minimal vertex cover of P is of cardinality t. Suppose C is a minimal vertex cover of P S . Let i = min S, be the minimal integer in S and let
We claim that C ∪D is a minimal vertex cover of P . Let c = {p 1 < · · · < p n } be a maximal chain in P . If r P (p n ) < i then p n ∈ D. If r P (p n ) ≥ i then c defines a maximal chain in P S , hence it intersects C. In either case c intersects C ∪ D. Therefore, C ∪ D is a vertex cover of P and it contains a minimal vertex cover E. Note that if we remove any point of D from C ∪ D then it is no longer a minimal vertex cover.
where C ′ is a proper subset of C. Since C is a minimal vertex cover, there is a maximal chain in P S that does not intersect C ′ . Any such chain can be extended to a maximal chain of P that does not intersect E, which is a contradiction. Therefore any minimal vertex cover C of P S gives a minimal vertex cover C ∪ {p ∈ max P | r P (p) < i} of P . Since P is unmixed, all of them must have same cardinality.
(2) Proof of this part is similar. 
Both of the subposets P 1,2 an P 2,3 are unmixed but P itself is not unmixed. The subset {a 1 , b 1 , b 3 , c 3 } is a minimal vertex cover of cardinality 4 while all the other minimal vertex covers have cardinality 3.
Definition 3.4. Let P be a finite poset. We call a subset A of elements of P an independent set if for every maximal chain c = {p 1 < · · · < p n } of P , c A. A maximal independent set is an independent set A which is not a pure subset of any other independent set.
It is easy to show that a subset A is a maximal independent set of a poset P if and only if C = P \A is a minimal vertex cover of P .
Theorem 3.5. Let P be a graded poset of rank r. The ideal F(P ) is unmixed if and only if
That is, all the intermediate elements in the chain
w } are among the elements of the two given chains.
is unmixed then by rank selection lemma, Lemma 3.2, each of the posets P i,i+1 are unmixed for i = 1, . . . , r − 1. This implies that the induced subgraph of P i,i+1 on (P i \ max(P )) ∪ P i+1 is an unmixed bipartite graph. Hence
. By the discussion in [HH11, page 163], |B i | = |P i+1 | and we can order elements of P i and
} such that for each 1 ≤ u ≤ |B i |, there is an edge between a i u and a i+1 u in P i,i+1 . This proves (1) and (2).
By (1), there are t 1 disjoint maximal chains {a 1 j < . . . < a r j j } in P , for j = 1, . . . , t 1 . Observe that if C is a minimal vertex cover of P then |C| = t 1 and C intersects with each of the maximal chains {a 1 j < · · · < a r j j } in exactly one point. Now let {a i u < a i+1 < · · · < a j−1 < a
} does not contain a maximal chain in the poset Q = P i,...,j then it is an independent set of Q. We extend it to a maximal independent set A. Note that Q is also unmixed and the complement of A in the ground set of Q form a minimal vertex cover C. By construction, a i v and a k v are in C, which is in contradiction with the fact that C intersects the chain {a i v < · · · < a k v } in exactly one point. Proof of (4) is similar.
(⇐) Let C be a minimal vertex cover of P . For each 1 ≤ v ≤ t 1 , C intersects the set {a 1 v , . . . , a rv v } in at least one point. It suffices to show that the intersection contains exactly one point. Suppose for some v, C contains the points a i v and a j v with i < j. For a point p ∈ P , let M(p) be the set of all maximal chains in P containing p. Suppose p is a point in C. If any chain in M(p) intersects C in at least two points, then C\{p} is also a vertex cover, which contradicts our assumption that C is a minimal vertex cover. Therefore, if p ∈ C, then there exists at least a chain in M(p) that intersects C only in the point p. Let a = {a 1 < . . . < a r } be a maximal chain in M(a i v ) that intersects C only in a i v . Similarly let b = {b 1 < . . . < b s } be a maximal chain in M(a j v ) that intersects C in only one point. Consider the chains {a i v < · · · < a min{j,r} } and {b i < · · · < a j v }. If r ≥ j then by (3), there is a saturated chain c from b i to a j that does not intersect C. Now {b 1 , . . . , b i−1 } ∪ c ∪ {a j+1 , . . . , a r } gives a maximal chain in P that does not intersect C, which is in contradiction with our assumption that C is a minimal vertex cover. If r < j then by (4), there is a saturated chain c from b i to a r . In this case, we end up with the maximal chain {b 1 , . . . , b i−1 } ∪ c, which leads us to the same contradiction.
Remark 3.6. If P is a pure poset then the condition (4) is superfluous. The following example shows that the conditions (3) and (4) in Theorem 3.5 can not be replaced by the following weaker conditions.
Example 3.7. Consider the following poset.
This poset is pure and it satisfies the condition (3) ′ above, but it is not unmixed.
Cohen-Macaulay flag ideals
In [HH05] , J. Herzog and T. Hibi showed that the edge ideal of a bipartite graph G on vertex set A ∪ B is Cohen-Macaulay if and only if |A| = |B| and there is a labeling A = {a 1 , . . . , a t } and
an edge then i ≤ j. Now let P be a poset with ground set {p 1 , . . . , p t }. Define a binary relation on P with p i ≤ p j if and only if {a i , b j } is an edge of G. The condition (a), shows that ≤ is reflexive, (b) shows that it is transitive and finally (c) implies that ≤ is anti-symmetric. Therefore, they actually showed that Cohen-Macaulay edge ideals of bipartite graphs are exactly the quadratic letterplace ideals of posets. In Theorem 4.7, we generalize their result to the class of flag ideals of graded posets. The condition (2) of Theorem 4.7, is similar to the condition (a) above, conditions (3) and (4) resemble the transitivity condition (b) and finally (5) is similar to the condition (c).
Lemma 4.1. Let I be a monomial ideal in a polynomial ring R = k[x 1 , . . . , x n ]. Let G(I) = {g 1 , . . . , g s } be the unique set of minimal generators of I. For each i, let g ′ i be the monomial obtained from g i after replacing x 1 with 1 (evaluating x 1 = 1) in g i . Let I ′ be the monomial ideal generated by {g ′ 1 , . . . , g ′ s } in k[x 2 , . . . , x n ]. If I is Cohen-Macaulay then I ′ is also Cohen-Macaulay.
Proof. Since R/I is Cohen-Macaulay, its localization (R/I) x 1 is also a CohenMacaulay ring. We have
1 ]. The assertion now follows from [BK02, Theorem 2.1] stated below. Lemma 4.3 (Rank selection for Cohen-Macaulayness). Let P be a finite poset of rank r such that F(P ) is Cohen-Macaulay.
(1) If P is graded then for any subset S = {i, i + 1, . . . , i + j} of [r], F(P, S) is Cohen-Macaulay;
(2) If P is pure then for any subset S ⊆ [r], F(P, S) is Cohen-Macaulay.
Proof. In both cases, let A = {p ∈ P |r P (p) / ∈ S}. The ideal F(P, S) is obtained from F(P ) by substituting all the variables in A by 1 in its generators. The assertion now follows from Lemma 4.1.
Lemma 4.4. Let P be a finite poset. If F(P ) is Cohen-Macaulay then P is unmixed. In particular, if P is a pure poset and F(P ) is Cohen-Macaulay then the sets of elements of the same rank have the same cardinality.
Proof. If F(P ) is Cohen-Macaulay then its Alexander dual has a linear resolution. The Alexander dual is minimally generated by p∈C x p where C is a minimal vertex cover. This shows that all the minimal vertex covers of P have the same cardinality. For the second part, note that for any 1 ≤ i ≤ r(P ), the elements of rank i form a minimal vertex cover of P .
Let P be a pure poset of rank r. If F(P ) is Cohen-Macaulay then for i = 1, . . . , r − 1, the Hasse diagram of P i,i+1 is a Cohen-Macaulay bipartite graph but not conversely. A complete characterization of Cohen-Macaulay bipartite graphs is given in [HH11, Theorem 9.1.13]. then there exists some s > t such that x t (m 2 /x s ) is also a minimal generator of I.
Theorem 4.7. Let P be a graded poset of rank r. The ideal F(P ) is CohenMacaulay if and only if P satisfies the following conditions.
(1) |P 1 | = | max(P )|; (2) Let |P 1 | = t 1 , P 1 = {a 1 1 , . . . , a 1 t 1 } and max(P ) = {b 1 , . . . , b t 1 }. The poset P contains disjoint maximal chains
Proof. (⇒) Since F(P ) is Cohen-Macaulay, P is unmixed and the first 4 conditions follow from Theorem 3.5.
Without loss of generality we can assume that P does not have any maximal element of rank 1. Let Q be the the subposet of P on the vertex set P 1 ∪ max(P ). By Lemma 4.1, Q is a Cohen-Macaulay bipartite graph with the given partition.
The sets P 1 and max(P ) are both facets of the Cohen-Macaulay simplicial complex ∆ F (Q) , where ∆ F (Q) denotes the Stanley-Reisner complex of the ideal F(Q). By [HH11, Lemma 9.1.12], ∆ F (Q) is connected in codimension 1. Therefore, there is a sequence of factes max(P ) = F 0 , . . . , F k = P 1 such that |F i ∩ F i+1 | = t 1 − 1. We can assume F 1 = {b 1 , . . . , b t 1 −1 , a 1 t 1 }. A similar argument to the proof of [HH11, Theorem 9.1.13], enables us to order the elements of P 1 and max(P ) such that for each i = 0, . . . , t 1 ,
Observe that F 0 = max(P ) and F t = P 1 .
We reorder the elements of the poset P accordingly. If for some 1 ≤ i ≤ r − 1, a i u ≤ a i+1 v and u > v, then the maximal chain
This contradicts with the fact that the complement of F v is a minimal vertex cover. This completes the proof of the only if part (⇐) Conversely, suppose P satisfies the conditions (1) − (5). By Theorem 3.5, (1) − (4) implies that F(P ) is unmixed. We show that the Alexander dual of F(P ) has a linear resolution. This implies that F(P ) is CohenMacaulay.
Note that for any 1 ≤ i ≤ r − 1, the induced subposet of P i,i+1 on the vertex set (P i \ max(P )) ∪ P i+1 is a Cohen-Macaulay bipartite graph and by [HH11, Theorem 9.1.13], there is a poset Q i,i+1 such that P i,i+1 = L(2, Q i,i+1 ). Let |P i | = t i for i = 1, . . . , r. By (2), for i = 1, . . . , r − 1,
} where 1 ≤ j 1 < · · · < j t i ≤ t 1 . We assume that the poset Q i,i+1 has the set Q i = {a j 1 , . . . , a jt i+1 } ⊆ {a 1 , . . . , a t 1 } as its ground set. We denote the ground set of Q 1 , i.e. the set {a 1 , . . . , a t 1 } by Q.
Let C be a minimal vertex cover of P . Let J 1 = Q. For each 2 ≤ i ≤ r, we define the subsets J i of Q inductively as follows.
Each J i is a poset filter in Q i−1,i . Suppose a j ∈ J i and a j ≤ a j ′ in Q i−1,i . By definition a j ∈ J i−1 and there is some a k 1 ∈ J i−1 such that a k 1 ≤ a j in Q i−1,i and a
Since a k 1 ∈ J i−1 , we can inductively construct a saturated chain {a 1
} is a maximal chain in P that does not intersect C which is a contradiction. Therefore, a i−1 j does not lie in C and this implies that a j ′ ∈ J i by definition. Hence J i is a poset filter.
Therefore, we have a sequence
such that for i = 2, . . . , r − 1, each J i is a poset filter in Q i−1,i . Now define a map φ J : Q → [r] that maps J r → r J r−1 \J r → r − 1 . . .
gives a one-to-one correspondence between the graph of φ J and the vertex cover C.
Proof of claim. Let
∈ C then by definition a i ∈ J j+1 which is against our assumption. Hence a j i ∈ C. Now suppose φ J (a i ) = r, i.e. a i ∈ J r . In this case, suppose a r i / ∈ C. Let a i 1 = a i . Since a i 1 ∈ J r , there exists some a i 2 ∈ J r−1 such that a i 2 ≤ a i 1 in Q r−1,r and a r−1 i 2 / ∈ C. Inductively, we can find elements a i j , j = 1, . . . , r such that a r−j+1 i j is not an element of C and {a 1 ir < · · · < a r i 1 } forms a maximal chain in P . This contradicts with the fact that C is a vertex cover. Therefore, we see that if for some a i ∈ Q, φ J (a i ) = r then a r i ∈ C. The assertion now follows from the fact that |Q| = |C|.
So far we have shown that any minimal vertex cover C gives a sequence of poset filters in the posets Q 1,2 , . . . , Q r−1,r . Now we show that any such sequence gives a minimal vertex cover of P . Let J : ∅ ⊆ J r ⊆ · · · ⊆ J 1 = Q be a filtration of Q such that J i is a poset filter in Q i−1,i . We show that
and J 2 is a poset filter in Q 1,2 , we have a i 2 ∈ J 2 . By induction we can show that a ir ∈ J r , and by definition of φ J , a r ir ∈ C which is a contradiction. This implies the desire conclusion that C is a vertex cover. Observe that C is a minimal vertex cover since |C| = t 1 .
Recall that the minimal generators of F(P ) A are in one-to-one correspondence with minimal vertex covers of P .
is a minimal generator of F(P ) By above discussion, any minimal vertex cover is in one-to-one correspondence with filtrations of Q,
such that for i = 2, . . . , r, the set J i is a poset filter of Q i−1,i . Let J (P ) be the set of all such filtrations.
We assign to any element J of J (P ), the monomial m J = x C in the polynomial ring S = k[x P ], where C = {a φ J (a 1 )  1 , . . . , a φ J (at 1 ) t 1 }. By the observations above
Claim 2. The ideal F(P ) A =< m J | J ∈ J (P ) > is weakly polymatroidal.
Proof of claim. In the following proof we denote a variable x a i j by a i j for simplicity. We assume that
This gives us a variable order on the polynomial ring S and we show that F(P ) A is weakly polymatroidal with respect to this variable order.
Let J and I be two filtrations in J (P ). Suppose for all
We show that
(1) 
we have a j ′ ∈ J i \J i+1 . Conversely, we can show that a j ′ ∈ J i implies a j ′ ∈ I i . This completes the proof of statements (1) and (2) above.
By our assumption deg a i
of Q. We claim that K ∈ J (P ). We only need to show that for any i ′ < k < i, J k ∪ {a j } is a poset filter of Q k−1,k . Since I k is a poset filter containing a j , for any a j ′ > a j in Q k−1,k we have a j ′ ∈ I k . By (1) and (2), we see that a j ′ ∈ J k . Hence K ∈ J (P ).
Now by construction we have m K = a i j (m J /a i ′ j ) and this completes the proof that F(P ) A is weakly polymatroidal. The above theorem introduces a huge class of Cohen-Macaulay ideals not necessarily generated in a single degree.
Example 4.8. Let P be the following graded poset.
The conditions (1) and (4) are obviously satisfied. One can also show that the conditions (2) and (3) hold as well. The ideal F(P ) has 17 generators and it can be checked by a computer algebra system like Macaulay2, [GS] , that it is a Cohen-Macaulay ideal.
Multigraded Betti numbers of flag ideals
The multigraded Betti numbers of a squarefree monomial ideal I can be computed from the (co)homology of restrictions of the Stanley-Reisner complex ∆ I via the Hochster formula. Let P be a finite graded poset and let F(P ) be its flag ideal. In this section we show that the restriction of the simplicial complex ∆ F (P ) to a multidegree is the join of simplicial complexes arising from bipartite graphs on elements of consecutive rank. The results of this section are inspired by the work A. D'Alì, G. Fløystad and the athor in [DFN17] .
The following simple lemma is proved as part of [JKKSM16, Proposition 3.1] for monomial ideals using lcm-lattices, but it also holds for polynomial ideals. This lemma shows that computation of multigraded Betti numbers of a flag ideal can be reduced to its connected components.
Lemma 5.1. Let R = k[x 1 , . . . , x n , y 1 , . . . , y m ]. Let I be an ideal in variables x 1 , . . . , x n and J be an ideal in variables y 1 , . . . , y m . Then the tensor product of minimal free resolutions of R/I and R/J is a minimal free resolution of R/(I + J). In particular, for all i ≥ 0, A ⊆ {x 1 , . . . , x n } and B ⊆ {y 1 , . . . , y m } we have
Proof. By Künneth spectral sequence it is enough to show that for all i ≥ 1, Tor
be a minimal free resolution of R/I. Since any differential matrix ∂ i consists of variables in x 1 , . . . , x n , the functor − ⊗ R/J preserves exactness of this sequence except in degree 0. This shows that all the torsion modules vanish. Let X AB be the simplicial complex on vertex set A ∪ B with StanleyReisner ideal I AB . Similarly, let X B 0 C be a simplicial complex on vertex set B 0 ∪ C where B 0 ⊆ B. We denote the Stanley-Resiner ideal of X B 0 C by I B 0 C . We also assume that no minimal generator of I AB and I B 0 C is divisible by a monomial of form x b 1 x b 2 where b 1 and b 2 are elements of B. Let X be a a simplicial complex on A ∪ B ∪ C whose Stanley-Resiner ideal is generated by monomials
(1) x a ∈ I AB with a ⊆ A; (2) x c ∈ I B 0 C with c ⊆ C; (3) x a x b x c where a ⊆ A, b ∈ B 0 and c ⊆ C such that x a x b ∈ I AB and x b x c ∈ I B 0 C ; (4) x a x b ∈ I AB where a ⊆ A and b ∈ B\B 0 . The simplicial complex X consists of all subsets a∪b∪c (with a ⊆ A, b ⊆ B and c ⊆ C) such that
(1) for all b ∈ b ∩ B 0 , either i) a ∪ {b} ∈ X AB and c ∈ X B 0 C , or ii) {b} ∪ c ∈ X B 0 C and a ∈ X AB ; (2) for all b ∈ b ∩ (B\B 0 ), a ∪ {b} ∈ X AB and c ∈ X B 0 C ; or equivalently,
(1) a ∈ X AB and c ∈ X B 0 C ;
Theorem 5.2. Let X AB , X B 0 C and X be as above. The join X AB * X B 0 C is homotopy equivalent to X.
Proof. Let B 0 = {b 1 , . . . , b p } and let
. . , b s }. We get simplicial complexes on X AB ′ and X B ′′ 0 C which are copies of X AB and X B 0 C respectively. For i = 1, . . . , p, let B ≤i be the subset {b 1 , . . . ,
>i . Similarly define B ′′ >i to be the subset {b ′′ i+1 , . . . , b ′′ p } of B ′′ . We set B ≤0 and B ′′ >p to be the empty set. For i = 0, . . . , p, let X i be the simplicial complex on the vertex set
It is not hard to show that each X i is a simplicial complex. Furthermore, X 0 is the join X AB ′ * X B ′′ 0 C and X p = X. By using [DFN17, Proposition 1], we show that X i and X i+1 are homotopy equivalent. The restriction of X i and X i+1 to
In the first case we show that
This is where we are using the fact that no generator of I is divisible by a quadratic monomial
In the other case, we see that R ∪ {b ′′ i+1 } is in X i .
Let G be a graph on the vertex set A 1 ∪ · · · ∪ A n and let B 1 , . . . , B n be subsets of A 1 , . . . , A n respectively. We always assume that B 1 = A 1 and B n = ∅. Suppose that for any edge {p, q} ∈ E(G), there is some 1 ≤ i ≤ n−1 such that p ∈ B i and q ∈ A i+1 . For i = 1, . . . , n − 1, let X i be the simplicial complex on B i ∪ A i+1 whose Stanley-Reisner ideal is the edge ideal of the graph with edges between B i and A i+1 in G, i.e. the induced subgraph of G on B i ∪ A i+1 . Now let X be the simplicial complex on A 1 ∪ · · · ∪ A n whose Stanley-Reisner ideal is generated by all monomials a 1 a 2 · · · a s such that s ≤ n, a s ∈ A s \B s , for all 1 ≤ i ≤ s, a i ∈ A i , and for all 1 ≤ j ≤ s − 1, {a j , a j+1 } is an edge of the graph G.
Lemma 5.3. Let simplicial complexes X and X i be as above. The simplicial complex X is homotopy equivalent to the join X 1 * · · · * X n−1 .
Proof. Let X ≤i be the simplicial complex on A 1 ∪ · · · ∪ A i+1 whose StanleyResiner ideal is generated by monomials corresponding to edge paths in G from A 1 to A i+1 . Note that X ≤1 = X 1 and X ≤n−1 = X. The assertion follows from Theorem 5.2 by induction.
Construction 5.4. Let G be a bipartite graph on vertex set A ∪ B. Let X be the simplicial complex on A ∪ B whose Stanley-Resiner ideal is the edge ideal of G. Let Y be the simplicial complex on B with faces b ⊆ B such that for some a ∈ A, b ∪ {a} is in X. Note that the vertex set of Y might be empty. It is shown in [DFN17, Proposition 2] that X is homotopy equivalent to suspension of Y .
Let P be a graded poset of rank r with the rank function r P . For a subset A ⊆ P we can write A = ∪ r i=1 A i where A i = A ∩ P i . Let B i = A i \ max(P ) for i = 2, . . . , r − 1 and let B 1 = A 1 and B r = A r . There is a graph G on vertex set A such that the edges are between B i and A i+1 for i = 1, . . . , r − 1 and {a i , a i+1 } ∈ E(G) if and only if a i+1 covers a i in P . Let X i (A) be the simplicial complex whose Stanley-Resiner ideal is the edge ideal of the induced bipartite subgraph of G on B i ∪A i+1 . We denote this bipartite graph by G i (A). We also denote the complex defined on B i as in Construction 5.4 by Y i (A).
Proposition 5.5. Let P be a finite graded poset of rank r. Let ∆ be a simplicial complex whose Stanley-Resiner ideal is the flag ideal F(P ) ⊆ k[x P ] and let A ⊆ P be a multidegree. The restriction ∆ A is homotopy equivalent to the join X 1 (A) * · · · * X r−1 (A).
Proof. The Stanley-Resiner ideal of the simplicial complex ∆ A is generated by monomials x a 1 x a 2 · · · x as where a s is a maximal element of rank s, and for 1 ≤ i ≤ s − 1, a i ∈ A i and {a i , a i+1 } is an edge of the graph G defined above. Now the assertion follows from Lemma 5.3.
We define the polynomial of reduced cohomology of a simplicial complex X to beH (X, t) = i≥−1
Let A be a multidegree and let |A| = n. We call the polynomial β(A, t) = t n β 0,A (F(P )) + t n−1 β 1,A (F(P )) + · · · + tβ n−1,A (F(P )) the Betti polynomial of the ideal F(P ) with respect to a multidegree A.
The following is Theorem 4 in [DFN17] .
Theorem 5.6. Let P be a finite graded poset and let r = r(P ) The Betti polynomial β(A, t) of F(P ) is
Let P be a graded poset with the rank function r P . Let r = r(P ) and let s = r(P ) = min{r P (p)|p ∈ max(P )}. The first linear strand of F(P ) is the s-linear strand.
Lemma 5.7. Let A ⊆ P be a multidegree. If for some i, X i (A) is the irrelevant complex then either the multidegree A does not appear in the resolution of F(P ) or A ⊆ A 1 ∪ · · · ∪ A i−1 ∪ (A i \B i ) and for all j ≥ i, X j (A) is the irrelevant complex as well.
Proof. Suppose the multidegree A appears with a nonzero multigraded Betti number in the resolution of F(P ). We first show that if for some i, X i (A) is the irrelevant complex then for all j ≥ i, X j (A) is also the irrelevant complex. Suppose X i = {∅}. This can only occur if B i ∪ A i+1 = ∅. Suppose for some j > i+1, A j = ∅ and let j be the minimal integer with this property. Since there are no edges between B j−1 and A j , X j−1 is contractible and the multidegree A can not occur which is a contradiction. Therefore, for all j ≥ i + 1, A j = ∅. Thus X j = {∅} for all j ≥ i.
Proposition 5.8. Let P be a finite graded poset with the rank function r P and let s = r(P ). The multidegree A appears in the first linear strand if and only if
(1) A ⊆ P 1,...,s and A s ⊆ max(P ); (2) for all 1 ≤ i ≤ s, A i is nonempty; (3) The induced subposet of P on B i ∪ A i+1 is a complete bipartite graph for all 1 ≤ i ≤ s − 1.
Proof. The multidegree A appears in the first linear strand of P if and only if |A| = j + s and β j,A is nonzero. The Betti number β j,A is the coefficient of t s in β(A, t). Since β(A, t) = t r r−1 i=1H (X i (A), t) at least r − s simplicial complexes X i are the irrelevant complex {∅}. Note that for 1 ≤ i ≤ s − 1,
Since i is the smallest integer with X i being the irrelevant complex we find that B i−1 is nonempty. Hence X i−1 is contractible which is a contradiction. This shows that exactly for s ≤ i ≤ r − 1, X i is the irrelevant complex and A ⊆ A 1 ∪· · ·∪(A s \B s ). Now β i,A is the coefficient of t s s−1 i=1H (X i (A), t) and eachH(X i (A), t) must have a nonzero constant term. By lemma [DFN17, Proposition 2],H 0 (X i (A), k) =H −1 (Y i (A), k) and it is nonzero if and only if Y i (A) is the irrelevant complex. This shows that for any p ∈ B i and any q ∈ A i+1 , p ≤ q or equivalently the induced subposet of P on B i ∪ A i+1 is a complete bipartite graph.
Flag ideals with linear resolutions
Let P be a graded poset with the rank function r P . Let r = r(P ) be the rank of P . If F(P ) has a linear resolution then all of the minimal generators should have the same degree r. Thus P must be a pure poset. We first consider the rank 2 poset, i.e. the posets that their Hasse diagram is a bipartite graph. In [NR09] , U. Nagel and V. Reiner show that the edge ideal of a bipartite graph has a linear resolution if and only if it is a Ferrers graph. Here we provide another equivalent condition. Definition 6.1. A Ferrers graph is a bipartite graph G on two distinct vertex sets {x 1 , . . . , x n } and {y 1 , . . . , y m } satsidfying the following two conditions.
(1) If {x p , y q } is an edge of G, then for all i < p and j < q, {x i , y j } is an edge of G as well; (2) {x 1 , y m } and {x n , y 1 } are edges of G.
Theorem 6.2. Let P be a bipartite graph. The following are equivalent.
(1) The flag ideal F(P ) has a linear resolution; (2) P does not have an induced subgraph of the form below;
(1) ⇒ (2) Suppose P has an induced subposet with cover relations p 1 ≤ q 1 and p 2 ≤ q 2 . For the multidegree A = {p 1 , p 2 , q 1 , q 2 } the simplicial complex X 1 (A) is
which has nonvanishing cohomology. Thus the multidegree A appears in the minimal resolution of F(P ) but it is not on the first linear strand by Proposition 5.8.
(2) ⇒ (1) On the contrary, suppose F(P ) does not have a linear resolution. Let A be a multidegree such that for some i, β i,A (F(P )) is nonzero and does not lie on the first linear strand of the minimal free resolution of F(P ). Since A is not on the first linear strand, by Proposition 5.8, the induced subgraph on A is not a full bipartite graph. Let A 1 and A 2 be the set of elements of rank 1 and 2 in A respectively. Let Y 1 (A) be the simplicial complex defined in Construction 5.4 on A 1 . The complex Y 1 (A) is not the irrelevant complex {∅} and it has at least 2 vertices, since otherwise it would be contractible which is a contradiction. Let F = {p 1 , . . . , p s } ⊆ A 1 be a minimal nonface of Y 1 (A) with s ≥ 2. There exists an element q 1 ∈ A 2 which is connected to p 1 but it is not connected to the rest of elements of F . Similarly, there exist an element connected to p 2 which is not connected to the other elements of F . The induced subposet of P on {p 1 , p 2 , q 1 , q 2 } is of the form above which contradicts our assumption. Therefore such a multidegree does not appear in the resolution of F(P ). This shows that F(P ) has a linear resolution. The condition (2) of theorem above gives a nontrivial characterization of Ferrers graphs. This description for Ferrers graphs is essentially used in characterization of flag ideals with linear resolutions below. Theorem 6.3. Let F(P ) be the flag ideal of a poset P of rank r. The ideal F(P ) has a linear resolution if and only if for i = 1, . . . , r − 1, the Hasse diagram of P i,i+1 is a Ferrers graph. In particular, if F(P ) has a linear resolution then P is connected.
Proof. (⇐) Let r = r(P ). Suppose F(P ) does not have a linear resolution. Let A be a multidegree that appears with a nonzero multigraded Betti number in the free resolution of F(P ) but not on the first linear strand. For i = 1, . . . , r − 1 let G i (A) be the bipartite graph on A i ∪ A i+1 and let X i (A) be the simplicial complex whose Stanley-Resiner ideal is the edge ideal of G i (A). By Proposition 5.8, there exist some j such that G j (A) is not a full bipartite graph. By Theorem 5.2, X(A) is homotopy equivalent to X 1 (A) * · · · * X r−1 (A) and it has nontrivial cohomology. By Künneth formula X j (A) also has nonvanishing cohomology and the multidegree A j ∪ A j+1 appears in the free resolution of the edge ideal of the bipartite graph G j (P ) = P j,j+1 but not on the first linear strand which is a contradiction to our assumption that the edge ideal of all G i (P ) have linear resolutions.
(⇒) Suppose F(P ) has a linear resolution. Obviously the poset P must be a pure poset. Suppose for some j, G j (P ) is not a Ferrers graph. Then it has an induced subgraph consisting of two separate edges {{p 1 , q 1 }, {p 2 , q 2 }} with p 1 , p 2 ∈ P j and q 1 , q 2 ∈ P j+1 . We construct a multidegree A ⊆ P of F(P ) that does not lie on the first linear strand as follows. Let A j = {p 1 , p 2 } and A j+1 = {q 1 , q 2 }.
i. if p 1 and p 2 have a parent say p j−1 in common then let A j−1 = {p j−1 } and ii. if they do not have a parent in common choose a parent p 2 }. We continue this until we define A 1 . We use a similar procedure with q 1 and q 2 and define set A j+2 , . . . , A r with the difference that instead of choosing parents we choose children. Finally we end up with a multidegree A = ∪ r i=1 A i such that for all i = 1, . . . , r, the bipartite graphs G i (A) are isomorphic to one of the graphs below.
, , ,
The simplicial complexes X i (A) have nonvanishing cohomology and so does their join. Therefore we get a multidegree that appears in the linear resolution of F(P ) but not on the first linear strand by Proposition 5.8 which is a contradiction. This completes the proof. For finite posets P and Q, let Hom(P, Q) be the set of isotone maps φ : P → Q. One can see that Hom(P, Q) is itself a poset with the partial relation φ ≤ ψ if and only if ∀p ∈ P, φ(p) ≤ ψ(p). The following propositions shows that for r, t ∈ N, the letterplace ideals L(r, t) are the only bi-Cohen-Macaulay flag ideals.
Proposition 6.5. Let P be a finite poset. The flag ideal F(P ) is bi-CohenMacaulay if and only if P is isomorphic to Hom([r], [t]) for some r, t ∈ N. In other words, after a relevant labeling of elements of P , one has F(P ) = L(r, t).
Proof. Let R = k[x 1 , . . . , x t ] be a polynomial ring in t variables and let m =< x 1 , . . . , x t > be the homogeneous maximal ideal of R. The letterplace ideal L(r, t) is the polarization of the r-th power of m. Hence it is bi-CohenMacaulay.
Conversely, suppose F(P ) is bi-Cohen-Macaulay. The ideal F(P ) is Cohen-Macaulay and has a linear resolution. Obviously, P must be a pure poset. Let r = r(P ) and t = |P 1 |. Since it is Cohen-Macaulay its elements has a labeling that satisfies the conditions in Theorem 4.7. Consider the edges {a i j , a i+1 j } and {a i j ′ , a i+1 j ′ } with j ≤ j ′ of the bipartite graph P i,i+1 for 1 ≤ i ≤ r − 1. By Theorem 6.2, these edges can not be disjoint. Therefore, P i,i+1 contains the edge {a i j , a 
